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Abstract — Obtaining anomalous reﬂection and
transmission (namely propagation along directions
diﬀerent from those predicted by Snell’s law) is in-
vestigated for plane waves impinging on a planar pe-
riodic metasurface composed of two dielectric layers.
The associated boundary-value problem is treated
by a rigorous entire-domain integral equation met-
hodology. Optimizations with respect to the con-
ﬁguration’s parameters are performed which reveal
that it is possible to obtain signiﬁcantly enhanced
anomalous transmission and reﬂection depending on
the color of the incident light. The optimal parame-
ter values correspond to metasurfaces which can be
easily realizable by low-loss dielectric materials.
1 INTRODUCTION
Directing the reﬂection and transmission of an in-
cident plane wave by a gradient metasurface to-
wards propagation angles not predicted by Snell’s
law is a challenging problem, which can prove to be
very useful in several applications, including antire-
ﬂection coatings [1], polarization beam splitters [2],
microwave surface plasmon coupling [3], and acou-
stic wavefront engineering [4]. Hence, it becomes
important to design the parameters of the meta-
surface such that the major part of the reﬂected or
transmitted power is guided to certain prescribed
unusual directions; such phenomena are usually re-
ferred to as anomalous reﬂection and transmission.
In this work, we consider a simple planar all-
dielectric metasurface, containing periodically al-
ternating rectangular rods of two diﬀerent dielec-
trics. The plane wave scattering problem is solved
semi-analytically by implementing a fast and highly
eﬃcient entire-domain Galerkin integral equation
methodology. The results of this methodology are
compatible with energy conservation and have al-
ready been checked against the ones obtained with
diﬀerent numerical techniques. Our main purpose
concerns the determination of suitable geometrical
and electromagnetic parameters of the metasurface
in order for it to exhibit signiﬁcant anomalous re-
ﬂection and transmission.
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By following a certain systematic optimization
scheme, we show that it is indeed possible to guide
a signiﬁcantly large portion of the input power of
light in the visible frequency range towards the re-
gion of plane where the incident ﬁeld propagates.
More precisely, we consider metasurfaces admitting
only two diﬀracted propagating orders (namely al-
ong two directions), and determine the metasurfa-
ces’ width and period such that the powers of the
−1-reﬂected or transmitted order is signiﬁcantly
enhanced, while the corresponding powers of the
0-reﬂected and transmitted order (ordinary Snell’s
law directions) are annihilated. These properties
are achieved for metasurfaces composed of conven-
tional low-loss dielectric materials with speciﬁc cha-
racteristics. For each optimized conﬁguration, we
also examine the variations of the reﬂected and
transmitted powers of the −1 order with respect
to the angle of incidence as well as the operating
wavelength, and derive conclusions on the associa-
ted anomalous reﬂection and transmission eﬀects.
It is expected that such optimized all-dielectric
structures can be used in components and devices
that use the mechanism of anomalous reﬂection or
transmission to enhance their eﬃciency. The de-
veloped fast and accurate integral equation metho-
dology supplemented by the established selection
rules for the problem’s parameters can provide an
eﬃcient optimization platform for designing meta-
surfaces which generate the above described eﬀects.
2 INTEGRAL EQUATION ANALYSIS
OF THE SCATTERING PROBLEM
Fig. 1 depicts the considered two-dimensional gra-
dient dielectric metasurface composed of a Λ-
periodic slab with two dielectric materials alter-
nating inside each unit cell. The refractive indi-
ces of the two materials are n1 and n2, respecti-
vely, while their common thickness is w and their
common width is Λ/2. Thus, the metasurface has
the form of a binary grating (i.e. characterized by
50% duty cycle); binary gratings are easier to fa-
bricate than other types of gratings like multilevel
or graded-index ones [5]. The metasurface is placed
in vacuum with refractive index n0 = 1.
A transverse-electric (TE)-polarized plane wave
with angle of incidence θ (see Fig. 1) impinges on
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Figure 1: The considered all-dielectric Λ-periodic me-
tasurface composed of two alternating dielectric mate-
rials with refractive indices n1 and n2.
the metasurface. The total electric ﬁeld induced in
every region of the scattering problem is of the form
E(x, z) = Ψ(x, z)yˆ, and the unknown electric ﬁeld
factor Ψ admits the integral representation [6]-[8]
Ψ(x, z) = Ψ0(x, z)
+ k20(n
2
2 − n21)
∫∫
S
G(x, z;x′, z′)Ψ(x′, z′)dx′dz′,
(1)
where Ψ0 and G are the electric ﬁeld factor and the
Green’s function both induced on the respective ho-
mogeneous slab structure due to the plane incident
wave and a line-source excitation inside the dielec-
tric slab, respectively. Furthermore, S denotes the
total transverse cross-section of the inclusions with
refractive index n2 and k0 the vacuum wavenumber.
The electric ﬁeld factor is expressed as
Ψ(x, z) = exp(−ik0 cos θ z)u(x, z), (2)
where u(x, z) is a Λ-periodic function of z. We re-
formulate the integral representation (1) with re-
spect to function u and apply a highly eﬃcient
entire-domain Galerkin technique. More precisely,
function u(x, z) is expanded on the cross section of
the inclusions on the unit cell in the Fourier series
u(x, z) =
+∞∑
n=−∞
(
c+n e
gn x + c−n e
−gn x) e−i 2πnΛ z, (3)
where gn =
√
(k0 cos θ +
2πn
Λ )
2 − k20n22, while c±n
are determinable coeﬃcients. Next, by restricting
the observation vector (x, z) on the domain of the
inclusions and considering the inner products of
both sides of the resulting equation with the con-
jugates of the expansion functions in (3), we for-
mulate an inﬁnite non-homogeneous linear system
of equations with respect to c±n , n ∈ Z. This in-
ﬁnite system is solved numerically by truncation,
as described in [9], yielding the coeﬃcients c±n for
n = −Nt, . . . , Nt, where Nt is the truncation order.
Then, the reﬂected and transmitted electric ﬁeld
factors are, respectively, expressed by
Ψr(x, z) =
+∞∑
p=−∞
rp exp [i (kx,p x− kz,p z)] , (4)
Ψt(x, z) =
+∞∑
p=−∞
tp exp [−i (kx,p x+ kz,p z)] , (5)
where rp and tp denote, respectively the complex
reﬂection and transmission coeﬃcients (explicitly
determined by means of c±n ), and kx,p and kz,p the
components of the reﬂected and transmitted wa-
vevectors, which are given by
kx,p = i
√(
k0 cos θ +
2πp
Λ
)2
− k20, (6)
kz,p = k0 cos θ +
2πp
Λ
. (7)
Each term in (4) and (5), indexed by p ∈ Z, re-
presents a speciﬁc ﬁeld component referred to as
the p-reﬂected or p-transmitted order. The 0-order
ﬁelds are always propagating (Snell’s law). For or-
ders p = 0, we deﬁne the thresholds
p± = ± Λ
λ0
(1∓ cos θ). (8)
For p− < p < p+, the component kx,p is real and
the p-order reﬂected and transmitted ﬁelds are pro-
pagating along the x-axis. For p > p+ or p < p−,
the component kx,p becomes purely imaginary and
the p-order ﬁelds are evanescent.
3 NUMERICAL RESULTS AND DIS-
CUSSION
We seek to determine suitable parameters of the
metasurface so that it generates anomalous re-
ﬂection and transmission in which cases most of the
scattering response is conﬁned to directions in the
same region of space with the incident ﬁeld; thus
light propagates towards the side of incidence.
To this end, we consider that only the 0- and
the −1-reﬂection and transmission orders propa-
gate, which lead by (8) to the following conditions
max
{
1− cos θ, 1 + cos θ
2
}
<
λ0
Λ
< 1 + cos θ. (9)
The latter implies also that the−1-order is reﬂected
back in the same (second) quadrant of the plane
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with that where the incident ﬁeld impinges on the
metasurface, as well as to be transmitted back in
the corresponding (third) quadrant [9].
The angle of incidence is ﬁxed at θ = 60o, since,
as analyzed in [9], then the reﬂection angle (measu-
red as the angle between the negative z-axis and the
wavevector of the −1-reﬂected order) is close to the
angle incidence θ. The propagation direction of the
−1-transmission order is symmetric with respect to
the z-axis to that of the −1-reﬂected order.
Furthermore, we consider two diﬀerent operating
wavelengths λ0 each one corresponding to a diﬀe-
rent color of the visible spectrum. The range of the
period Λ is that dictated by (9). The two dielectric
regions of the slab are considered to be occupied
by Teﬂon AF ﬂuoropolymers [10] with n1 ∼= 1.35
and lossless Silicon with n2 obeying the frequency-
varying models of [11]. The thickness w of the slab
is required to be suitably small permitting the cha-
racterization as a metasurface; the optimal w will
turn out to be of the order of a few hundred nano-
meters (smaller than the eﬀective wavelength).
The main aim is to select suitable metasurface’s
parameters such that the powers carried from the
−1-reﬂected and transmitted orders are enhanced
while simultaneously the powers carried by the re-
spective 0-orders are suppressed. To this end, we
devise the following metric in order to quantify the
degree of anomalous reﬂection and transmission
m =
P r−1 + P
t
−1
P r0 + P
t
0
, (10)
where
P rp =
|rp|2
sin θ
√
1−
(
cos θ + p
λ0
Λ
)2
, (11)
P tp =
|tp|2
sin θ
√
1−
(
cos θ + p
λ0
Λ
)2
(12)
are the eﬃciencies of the diﬀracted orders, which
are deﬁned as the ratios of the ﬂux of the Poyn-
ting vector associated with the p-diﬀracted order
over the corresponding ﬂux of the incident ﬁeld
[12]. Large values of m indicate signiﬁcant steering
of the reﬂected/transmitted waves in an unusual
direction, totally diﬀerent from that dictated by
Snell’s law. Hence, m denotes how signiﬁcant are
the powers carried by the waves of the −1-diﬀracted
order as compared to the ones of 0-diﬀracted order.
Optimization is now performed with respect to
the thickness w and the period Λ of the metasur-
face in order to maximize the metric m. The opti-
mization is based on successive computations of the
reﬂection and transmission coeﬃcients by means of
the above described semi-analytical integral equa-
tion methodology. The beneﬁcial characteristics of
the methodology, i.e. its superior numerical stabi-
lity, controllable accuracy, and rapid convergence
aid substantially the fast and eﬃcient implemen-
tation of the optimizations required. The contour
plots of the metric m in the plane of w and Λ for
the violet color (λ0 = 415 nm) and the blue color
(λ0 = 470 nm) are depicted in Fig. 2.
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Figure 2: Contour plots of metric m vs w and Λ for
(a) λ0 = 415 nm (violet) and (b) λ0 = 470 nm (blue).
In the sequel, we proceed to a secondary optimi-
zation where we select a narrow interval of Λ and
then search for the speciﬁc value of w in the re-
gion of large m (as predicted by Fig. 2) so that P r−1
and P t−1 are signiﬁcantly larger than P
r
0 and P
t
0 .
In Fig. 3, we depict the variations of the powers
P r−1, P
t
−1, P
r
0 , and P
t
0 versus the period Λ for the
two examined colors in the visible range. For each
color, the optimal value of the thickness w of the
metasurface was determined according to the se-
condary optimization scheme described above and
 
1162
420 430 440 450 460
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
/ (nm)
Po
w
er
s o
f d
iff
ra
ct
ed
 o
rd
er
s
 
 
violet
P
-1
r
P
-1
t
P
0
r
P
0
t
(a)
390 400 410 420 430
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
/ (nm)
Po
w
er
s o
f d
iff
ra
ct
ed
 o
rd
er
s
 
 
blue
P
-1
r
P
-1
t
P
0
r
P
0
t
(b)
Figure 3: Powers of −1- and 0- orders vs Λ for (a)
λ0 = 415 nm (violet) and (b) λ0 = 470 nm (blue).
found to be w = 160 nm for violet and w = 141 nm
for blue. For violet, maximum transmission in the
−1-order is obtained with attained value P t−1=87%.
Such a result corresponds to substantial negative
refraction into free-space with no use of active or
exotic/artiﬁcial media. The thorough study of this
eﬀect would be the topic of a future work. On the
other hand, for blue, maximum reﬂection in the
−1-order is obtained with value P r−1=90%. These
signiﬁcantly large values observed for the two exa-
mined colors make the considered designs very in-
teresting in terms of anomalous transmission and
reﬂection. Moreover, the value of the angle in the
−1-transmitted order is 64o for violet and the an-
gle in the −1-reﬂected order is 50o for blue, namely
close to the incidence angle θ = 60o.
Additional numerical results on achieving signiﬁ-
cantly enhanced reﬂection and transmission from
realizable all-dielectric metasurfaces have been
obtained and will be presented at the conference.
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